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Abstract
Credit constraints may prevent the transfer of resources and transactions of assets among individuals who are buffeted by idiosyncratic shocks of investment projects, individuals who at
times have investment opportunities but not enough resources and at other times have resources
but not investment opportunities. Insurance may attain efficient outcomes but with insurance
unfeasible due to private information, what other form of institution may serve the purpose?
I show that when financial constraints are binding, money may attain efficiency. I develop a
production economy, general equilibrium, heterogenous agent model where closed form solutions
are found and it is shown that when money is valued, the implementation of the Friedman rule
attains efficiency independently of the tightness of the financial constraints.
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Introduction

I analyze the efficiency properties of money in a model where it is essential. Individuals who are
buffeted with idiosyncratic shocks of investment opportunities resort to liquid assets to finance
capital creation. One of the assets is equity that they can issue against the capital they create.
The other asset is money, which is provided by the monetary authority. Because no special
function is assumed for money, it will be valued endogenously in the economy, rendering it
essential.
A fruitful efficient insurance institution would transfer resources from those individuals who do
not have an investment opportunity to those that do. In order to accomplish this task, insurance
companies would need to elicit the accurate information on the availability of the investment
opportunity which is infeasible. What other economic mechanisms can be useful in this setting?
Equity might be one instrument that accomplish the task, yet moral hazard prevent that agents
with the investment opportunity to rise the full value of capital created. Would money make
things better? This paper is concerned with this issue. In particular it is modeled a general
equilibrium production economy model with capital, where value is created by those individuals
who find investment projects. These individuals, the entrepreneurs, will finance capital creation
partially by issuing claims that will purchase the other type of individuals, the lenders. When
money is valued, lenders will increase their stock of money by selling goods to entrepreneurs
anticipating the eventual arrival of an investment opportunity. Hence money demand in this
model is precautionary. With equity being transacted and money circulating in the economy,
one may think that efficiency can be reached because on one hand equity allows to transfer
resources from lenders to entrepreneurs and money allows for insurance against the opportunity
of having investment projects. I show that while efficiency is improved, the same welfare as an
efficient insurance arrangement is not reached.
2

When lenders repeatedly find investment opportunities they run out of money and since they can
only mortgaged a fraction of the capital created, optimality cannot be reached. Would increases
of money into the economy improve welfare? In the environment studied, money is injected as
helicopter drops to the economy, hence they are proportional to all agents, entrepreneurs and
lenders. While prices move proportionally with the stock of money, individual real balances
shrink with the inflationary policy. Hence in the model money is not super-neutral. Different
from models where money is assumed to have an specific role, like Sidrawski [1967] or Cooley
and Hansen [1989], the non-neutrality result arises not because is based on consumption-leisure
substitution due to inflation. Money is not super-neutral because anticipated inflation reduces
the value of money which is the asset that enables the transfer of goods towards the production
of investment.
If inflation is detrimental, would deflation attain the same welfare as successful insurance? Friedman [1969], states that the money quantity rule of deflating at the internal rate of time preference
attains optimality in some settings. Indeed it is the case in this environment. Deflation is beneficial because the return on money is higher. Lenders who provide goods to entrepreneurs in
exchange for money, are willing to purchase the money units at a higher price. They are willing
to do so because there is a chance that next period they become entrepreneurs and then their
remaining money holdings will be more valued when they sell them to the then lenders. The
minimum deflation rate that would make attractive both money and equity as a means of savings for both entrepreneurs and lenders is the Friedman rule, which delivers the same welfare as
an economy operating under a perfect insurance scheme.
Methodologically, this paper belong to the tradition of models where heterogeneity is central,
like Lucas [1980], Diamond and Dybvig [1983], or Curdia and Woodford [2009] and Wen [2009].
The specific heterogeneity present in this paper is akin to Fiore and Tristani [2007], Bernanke
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and Gertler [1999] and Carlstrom and Fuerst [1997]. In that money and credit or equity may
co-exist, this paper is also akin to models in the "search" traditions such as Aiyagari et al.
[1996], Mills [2007] and Telyukova and Wright [2008]. This paper is most similar to Kiyotaki
and Moore [2012], but differs in methodological aspects and in focus. First, my model is closer
in its environment to the traditional Neoclassical Grwoth Model, which helps in the exposition.
Second, I model explicitly the inherent heterogeneity of the model. I do so, by assuming that
utility is linear in consumption, as in Taub [1988] and Taub [1994], this helps to find closed form
solutions for the policy functions. This fact, coupled with the assumption of full depreciation,
permits to find closed form solutions for the distribution of agents by assets. This is fundamental to the existence results found in the paper. Thirdly, and more important, I focus on the
welfare properties of money, and the optimal implementation of monetary policy in a stationary
environment1 . Analytical forms are derived throughout the paper, including the distributions
and welfare characterization, there is no need to resort to numerical methods.

2

The Model

2.1

Environment

The economy is populated by a measure one of infinitely lived individuals who aim to maximize:

Et

∞
X

β s ct+s ,

0 < β < 1.

(1)

s=0

1

Kiyotaki and Moore [2012] focus on the endogeneity of money and mainly on the transitory effects of shocks
financial shocks and the role of government interventions purchasing private assets.
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Linearity of preferences as in Taub [1988] and Taub [1994] are convenient to obtain analytical results through out the paper and highlight that financial transactions and precautionary
demand of money can arise without risk aversion. The expectation operator Et refers to an idiosyncratic risk agents face and to which no availability of insurance is assumed. This risk arises
because independently over time, with probability π an agent has an "investment opportunity"
by which he transforms a unit of the consumption good into a unit of capital ready to be rented
next period along with labor to a CRS firm. This type of heterogeneity and capital production
technology has a large tradition in the financial literature in macroeconomics2 . The status of the
individuals are denoted by z, with z = 1 for an agent who has the investment opportunity who
will also be called an "entrepreneur" and z = 0 for an agent without the investment opportunity
who will also be referred to as a "lender". Lender is an appropriate name for the latter in this
model, since as we will see, lenders will in part finance in equilibrium the capital creation of
entrepreneurs.
Entrepreneurs may issue claims on future capital in any period, so lenders may purchase these
claims and in such a way can save for future periods. Let et+1 ≥ 0 be the amount borrowed by
entrepreneurs issuing claims on capital in period t. Following Kiyotaki and Moore [2012] it is
assumed the existence of a moral hazard problem, which is reflected in the fact that there is a
maximum fraction of the capital that can be mortgaged:

0 ≤ et+1 ≤ θkt+1 ,

0<θ<1

(2)

θ then reflects the moral hazard problem, only a fraction of the capital created can be financed
externally3 . Entrepreneurs who sell claims in the market act as managers of capital which by
2

Versions of this type of heterogeneity have been used, among others, by Carlstrom and Fuerst [1997],Bernanke
and Gertler [1989], Bernanke and Gertler [1999],Kiyotaki and Moore [2012] and Salas [2013].
3
The limit when θ = 1 corresponds to the case where the entire capital stock can be financed externally, the
case θ = 0 is ruled out to focus in an interesting equilibrium with financial transactions, 0 < θ < 1 is also the
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assumption cannot be traded directly, then entrepreneurs would rent the entire stock of capital
to the CRS firm but would only get the rental income from the unmortgaged part, while giving
the rest to the lenders. I also assume that capital depreciates completely in the production
process, which simplifies the analysis. Besides financial claims there is another asset provided
by the government: money, which is supplied in lump sum fashion into the economy by the
monetary authority. Therefore lender’s budget constraint is given by4 :

ct + qt nt+1 + µt mt+1 ≤ wt + rt nt + µt (τt + mt )
nt+1 ≥ 0,

ct ≥ 0,

mt+1 ≥ 0,

z = 0.

(3a)

qt is the price of equity, nt is equity purchased by the lender the previous period which entitles
him to a rental income rt nt , where rt is the rental rate of capital. wt is the wage rate and
labor income because labor endowment is normalized to unity. µt is the price of money, it
would correspond to the inverse of the price level, but since money may not be valued it is
better to work with the price of money. τ is nominal transfers of money by the authority and
mt is nominal money holdings carried from previous period. Note that saver is not allowed to
borrow since savers cannot issue claims since they lack new capital and previous period capital
depreciated completely.
Entrepreneur’s constraint is:

ct + kt+1 + µt mt+1 ≤ wt + rt nt + qt et+1 + µt (τt + mt ).

Different from the lender’s constraint, in the left hand side it appears kt+1 , which is the cost of
capital creation, and in the right hand side it appears qt et+1 which is the income from borrowing
empirical relevant case.
4
Lower case letters will denote individual’s variables while upper case letters aggregates.
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by issuing et+1 claims on capital. Equity for entrepreneurs next period is by definition equal to
kt+1 − et+1 , so by adding qt kt+1 to each side of the previous equation, and by adding kt+1 to the
negative of (2), the feasibility set for investors can be written in terms of equity as:

ct + kt+1 + qt nt+1 + µt mt+1 ≤ wt + rt nt + qt kt+1 + µt (τt + mt )
nt+1 ≥ (1 − θ)kt+1 ,

ct ≥ 0,

mt+1 ≥ 0,

z = 1.

(3b)

Note that money is traded among individuals without frictions. The only restriction on money
is that agents cannot hold negative amounts in any period. I will solve for the economy in a
stationary state where it is assumed that the economy has settled with constant prices (except
µ which may vary according to proportional variations in the stock of money). Money may
not have any value as it is nor forced to accomplish any specific function, as in Kiyotaki and
Moore [2012] framework money will be valued endogenously in this economy. It is convenient
to express the individual’s optimization problem in recursive form, to which I now turn.
The agent optimization problem
Let v(n, m; z) be the value function for an agent with states n, m and status z ∈ {0, 1}. Entrepreneur’s Bellman equation is:

v(n, m; 1) = max
[c + βπv(n′, m′ ; 1) + β(1 − π)v(n′ , m′ ; 0)] ,
′
′ ′
c,n ,m ,k

subject to:

c + k ′ + qn′ + µm′ ≤ w + rn + qk ′ + µ(τ + m)
n′ ≥ (1 − θ)k ′ ,
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c ≥ 0,

m′ ≥ 0

(4)

Lender’s Bellman equation is:

v(n, m; 0) = max
[c + βπv(n′ , m′ ; 1) + β(1 − π)v(n′ , m′ ; 0)] ,
′
′
c,n ,m

subject to:

c + qn′ + µm′ ≤ w + rn + µ(τ + m)
n′ ≥ 0,

c ≥ 0,

m′ ≥ 0

(5)

The firms’ optimization problem
Firms’ optimization problem is standard and simple. CRS firms rent capital and labor services
each period in order to maximize [F (K, L) − rK − wL], with optimality conditions:

r = FK (K d , Ld ),

w = FL (K d , Ld ).

(6)

The superscript denotes the demand of factors. I will use throughout the Cobb-Douglas production function: Y = AK α L1−α ,

0 < α < 1.

The monetary authority
Monetary authority supplies a given stock of money M which may change in lump sum fashion
proportionally as:
τ = (γ − 1)M s
where γ is the gross rate of growth of money.
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(7)

2.2

Definition of equilibrium

Definition A stationary recursive competitive equilibrium consists of factor prices (r, w): price
of capital q, price of money µ, policy functions (for each agent z = 1, 0) for consumption
c(n, m; z), next period claims g(n, m; z), next period money h(n, m; z), capital k ′ (n, m), probability measures Ψ(n, m; z) and total aggregate capital K, such that5 :

1. c(n, m; z), g(n, m; z), h(n, m; z) and k ′ (n, m) maximize individual’s utility subject to the
constraints
2. at given r, w firms maximize profits
3. the claims on capital market clear

s

K =

XZ

ndΨ(n, m; z)

(8a)

z

4. the capital and labor markets clear:

Kd = Ks = K
XZ
d
L =
dΨ(n, m; z) = Ls = 1 = L

(8b)
(8c)

z

5. Investment demand equals savings:
XZ

′

n (n, m; z)dΨ(n, m; z) =

z

5

Z

k ′ (n, m)dΨ(n, m; 1)

(8d)

The iid assumption implies that Ψ(n, m; 1) = πΨ(n, m) and Ψ(n, m; 0) = (1 − π)Ψ(n, m). Where Ψ(n, m) is
the distribution of the whole population by assets.
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6. The money market clears:
XZ

mdΨ(n, m; z) ≡ M d = M s = M.

(8e)

z

7. The probability distribution is time invariant:

Ψ(ñ, m̃) = π

Z

dΨ(n, m) + (1 − π)

B(ñ,m̃,1)

Z

dΨ(n, m)

(8f)

B(ñ,m̃,0)

where:

B(ñ, m̃, z) = {(n, m) : n ≥ 0, m ≥ 0, g(n, m; z) ≤ ñ, h(n, m; z) ≤ m̃}

3

(8g)

Analysis

Before plunging into analyzing the model, suppose that the set up is modified by assuming
that θ = π = 1, that is, there are no financial frictions and all individuals have investment
opportunities. The resulting model would be essentially the Neoclassical Growth Model with
linear utility, there wouldn’t be any need for transacting claims in equilibrium as all agents are
equal, money would not be valued. In a stationary equilibrium it must be the case that 1 = βr,
optimal capital accumulation must satisfy this equality and the income from production is used
to sustain that stock of capital and to consume. In this particular case with full depreciation,
income each period must be used to replenish completely the entire stock of capital until the
rate of return equals the rate of time preference. Moreover, welfare theorems apply in this set
up and the equilibrium would be efficient, Pareto optimal. So in the sense that we allow both θ
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and π to be below unity, the present model is a modification of the Neoclassical Growth Model6 .
In order to analyze the model economy I first assume that money is absent in the economy and
find the competitive equilibrium. This has the advantage of simplifying the exposition while at
the same time clarify the role of the financial friction θ and the constraint π in the competitive
outcomes of the economy.

3.1

The Economy without Money

The set up carries through with obvious modifications, the only tradeable asset for individuals
is equity. Look at constraint (4), it is clear that q is a key price for entrepreneurs as for q > 1
they would have a strong incentive to produce capital, when q = 1 they would be indifferent and
q < 1 can be ruled as an equilibrium outcome since in this case investment would be zero. I use
a guess-and-verify method to solve the model and assume that q > 1, solve for the competitive
equilibrium and then check the conditions such that this is true.
The case q > 1
In this case entrepreneurs borrows as much as possible to finance investment, in this case the
financial constraint holds with equality in (4) and their feasibility set can be re-written as:

c + q e n′ + µm′ ≤ w + rn + µ(τ + m)
n′ ≥ 0,

c ≥ 0,

m′ ≥ 0

(9)

which is isomorphic to that of lenders. q e = (1−qθ)/(1−θ) is the effective price for entrepreneurs
6

In the model A, the productivity factor in the production function is normalized such that the steady state
1
value of the frictionless, representative agent model level of capital equals one: A = αβ
.
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because for a unit of capital created an entrepreneur is able to pay only 1 − qθ. Since he only
holds as equity (1 − θ) of that unit, he needs to expend (1 − qθ)/(1 − θ) for one unit of equity.
In order to solve the model I use a guess-and-verify method to find the value functions. Since
utility is linear in consumption I conjecture that the value functions are linear in the state n:

v(n; z) = Az (q, r) + Bz (q, r)n,

z = {1, 0}

where Az and Bz are coefficients to be determined possibly depending on the prices of the
economy. Bellman equation are:

v(n; 1) =



e ′
′
w
+
rn
−
q
n
+
β
Ā(q,
r)
+
β
B̄(q,
r)n
max
w+rn

0≤n′ ≤

v(n; 0) =



′
′
w
+
rn
−
qn
+
β
Ā(q,
r)
+
β
B̄(q,
r)n
max
w+rn

0≤n′ ≤

(10a)

qe

(10b)

q

For entrepreneurs and lenders respectively, where Ā(q, r) = πA1 (q, r) + (1 −π)A0 (q, r), B̄(q, r) =
πB1 (q, r) + (1 − π)B0 (q, r).
Linearity of preferences imply that corner solutions may arise. The margin that matters is
the marginal gain of acquiring equity β B̄(q, r) and the marginal cost q and q e for lenders and
entrepreneurs respectively. In principle five cases may arise: i) β B̄(q, r) < q e < q, ii) q e =
β B̄(q, r) < q, iii) q e < β B̄(q, r) < q, iv) q e < q = β B̄(q, r) and v) q e < q < β B̄(q, r).
Note that under 0 < θ < 1 cases i) to iii) cannot arise in equilibrium since no lender will be
willing to purchase any claims. In case i) furthermore entrepreneurs are not motivated to create
any capital. Case v) can also be ruled out as no agents would ever consume, hence it cannot be
an equilibrium. The only possible equilibrium entails case iv).
Finding the undetermined coefficients
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To find the undetermined coefficients of the value functions, I consider7 :

g(n; 1) =

1
(w + rn) ,
qe

c(n; 1) = 0,

g(n, 0) =

1
(w + rn) ,
q

c(n; 0) = 0.

With these policies I can write the Bellman equations as:
1
q
(w + rn)β B̄(q, r) = β Ā + e (w + rn)
e
q
q
1
A0 (q, r) + B0 (q, r)n = β Ā(q, r) + (w + rn)β B̄(q, r) = β Ā + w + rn
q

A1 (q, r) + B1 (q, r)n = β Ā(q, r) +

where I have used: β B̄(q, r) = q. Equating coefficients it is possible to obtain:



q
w
q
v(n; 1) =
[1 − β(1 − π)] e + β(1 − π)
+ e rn
q
1−β q


w
q
+ rn
v(n; 0) =
βπ e + 1 − βπ
q
1−β

(11a)
(11b)

These functions deserve some comments. First, note that when q > 1, v(n; 1) is higher for given
n than v(n; 0), entrepreneurs enjoy higher utility, this happens as they are able to produce new
capital and with such an advantage the effective price for savings for them is lower than for
lenders. Second, the value function for lenders would have been the same if the policies used to
derive them were for example, maximum consumption and zero accumulation of equity. At first
sight is intriguing why it is possible to derive the value functions by assuming that both types of
individuals consume zero. This clearly cannot be an equilibrium, some other optimality condition
must not be satisfied. As usual, in the dynamic programming setting we miss the transversality
condition. In the present case zero consumption will mean perpetual accumulation of equity
7

Note that given that the worker is indifferent between any combination of consumption and net worth, the
case where he consumes zero and accumulates as much as possible will give the same value function as any
combination of both variables.
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which will violate such a condition. Yet, the policy function for entrepreneurs implies in fact
zero consumption this is optimal given linearity of utility function since they expect correctly
to change status in the future and hence they expect to consume later on. As for lenders,
the marginal two-period decision induced by the Bellman equation does not permit to rule out
the perpetual accumulation of equity with zero consumption. As we will see later, for solving
the aggregate equilibrium I will constrain the policy function for lenders to undertake positive
capital accumulation and consumption.
So far I computed optimal behavior for given prices under the assumption that q > 1 to find
the equilibrium of the economy I need to find aggregate behavior and market clearing, in order
to do that I need to show the existence of a stationary distribution of agents by equity Ψ(n), I
now turn to this issue.
Equilibrium
If a stationary distribution of agents by equity Ψ(n) exist, then because the idiosyncratic shocks
of status are independent and identically distributed with parameter π a law of large numbers
justification as in Uhlig [1996] applies and the marginal distributions for entrepreneurs and
lenders are simply πΨ(n) and (1 − π)Ψ(n) respectively which helps to obtain analytical aggregation. In what follows I show that under an innocuous but helpful assumption, Ψ(n) exists, its
support is not bounded above and the state space is countable infinite. The assumption is:
Assumption 1. Existence of "Meeting Point"

g(n, 0) = ζ > 0

(12)

Under the proposed equilibrium of q > 1 we have shown that an equilibrium may exists with
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entrepreneurs consuming nothing and using all their resources to hold equity, while lenders are
indifferent among consuming and saving. I assume for lenders the existence of a "meeting point"
that defines lender’s policy for equity holdings. Whenever an entrepreneur becomes a lender
with probability 1 − π, and independently of their holdings of equity, the next period they would
accumulate ζ. Since entrepreneurs accumulate equity as long as they maintain their status, in
general each of them will hold large amounts of equity, and when becoming lenders assumption
1 imply that consumption will be large, becoming lenders will "disinvest". By doing so, all
becoming lenders will "meet" at the level ζ in the state space, hence the name "meeting point".
The following then are the policy functions for individuals:

c(n; 0) = w + rn − qζ, g(n; 0) = ζ

c(n; 1) = 0, g(n; 1) =

w + rn
, k ′ (n) = (1 − θ)g(n; 1)
qe

(13a)

(13b)

Proposition 1. Existence of Ψ(n). Under assumption 1 a stationary distribution of agents
by equity exists defined on the discrete support {ni }∞
i=1 :
Ψ (ni ) = 1 − π i ,

where:
ni = ζ



r
qe

i−1

(14)

i = 1, 2, 3, ...

"
 i−1 #
r
w
1−
,
+ e
q −r
qe

i = 1, 2, 3, ...

Proof. See the Appendix.

The resulting structure for the distribution is very special indeed, a measure one of agents is
distributed along B in a discrete fashion8 . Due to the iid assumption, from the number of agents
8

Note also that the distribution of individuals by capital will also be defined since under q > 1 n′ = (1 − θ)k ′
so there is a one to one mapping from the policy g(n, 1) to capital.
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in each of the discrete levels of equity there is a fraction π individuals who are entrepreneurs and
a fraction (1 − π) individuals who are lenders. Note also that since (14) defines the distribution
of agents, the density of them can be found as9 :

dΨ = 1 − π i − (1 − π i−1 ) = (1 − π)π i−1 ,

i = 1, 2, 3, ...

Even with Ψ(n) at hand it may happen that equilibrium does not exist. To show equilibrium it
R
should be the case that aggregates (or average) quantities of the form ndΨ(n) are finite. For
now I assume that it is the case, showing later that it is indeed the case.
What is the value of ζ? Since g(n, 1) is linear in n, it follows that

R

g(n, 1)dΨ(n, 1) = (1 −

θ)k ′ (n)dΨ(n) = K, from (13b) above. Then using investment equals savings equilibrium, (8d):
(1 − θ)K + ζ(1 − π) = K, from which ζ =

θK
.
1−π

Note that aggregate equity holdings for workers

are given by: ζ(1 − π) = θK. This is exactly the aggregate fraction of capital that entrepreneurs
sell to lenders, which is a sensible result.

3.2

Aggregation and Equilibrium

Take a look to the entrepreneurs policy function for equity in (13b). Using again (8d) and the
value for ζ, I obtain:

9

Note that:

(w + rK)π
,
(1 − qθ)K =
| {z }
| {z }
down payment entrepreneur’s own funds
Z

ζ

as is required.

∞

dΨ(n) =

∞
X

dΨ(ni ) = [1 − π][1 + π + π 2 + π 3 + ...] = 1

i=1
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(15a)

which clarifies the sources of investment financing. Entrepreneurs who create K can finance
externally a fraction 1 − qθ and the difference is financed with their own funds, the labor income
wπ and capital income rπK.
The other key equation is the condition q = β B̄(q, r) which can be written as:
r
r
1
=
π e + (1 − π)
.
β
q
q
|{z}
|
{z
}
rate of time preference expected return on equity

(15b)

which is the asset pricing equation for equity. Lenders are willing to provide enough funds to
entrepreneurs as long as this condition is satisfied. By purchasing one unit of equity, a lender
sacrifice q units of current consumption, tomorrow with probability 1−π, he will be a lender and
will have r units to consume, the ex post gain being r/q. If the lender becomes an entrepreneur,
he gets r units as well but because of the corner solutions he won’t consume and the ex-post
return is (r/q)(q/q e). q/q e > 1 reflects the gain in utility for an entrepreneur relative to a lender.
The other conditions are the usual rental prices equal to marginal product of the input factors:

r = AαK α−1 ,

w = A(1 − α)K 1−α

(15c)

The resulting system can be understood by remembering that there are essentially two markets
that determine equilibrium. In one market, the "market for equity", entrepreneur’s investment
needs; the left hand side in (15a), must be met with supply of funds by lenders; condition (25b).
The other market is the "market for capital services", the resulting capital created in the market
for equity is rented to the CRS firms, which demands capital according to the marginal product
of capital. q and r must be such that both markets are simultaneously in equilibrium.
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The system is simple enough to be solved analytically, with the following equilibrium prices10 :

q=
π



1−π

,
−1 +θ

1
αβ

α
r=
π





1
αβ
1
αβ


−1+θ

−1 +θ

(16)

Regimes of the Economy
Up to now, I have worked under the assumption that q > 1. With the closed form solution
it is immediate to show conditions under which this is true. Recall that q < 1 cannot be an
equilibrium, hence only two possible cases arise: either q > 1 or q = 1. In the latter case equation
(25b) states 1 = rβ which is the optimal equilibrium condition for a frictionless economy. Then
there is a one to one mapping between the value of q and the aggregate efficiency properties of
the economy. The following claim establishes rather straightforward but important conditions
on the parameters such that q > 1, which can be verified directly from (16).
Claim 1. When π < αβ(1 − θ) then q > 1, conversely when π ≥ αβ(1 − θ), then q = 1.

One way to portray the significance of claim 1, is to rewrite the condition such q > 1 as:

Aπ < (1 − θ)

(17)

Under an unconstrained economy, total income for entrepreneurs that do not consume is Aπ
(which comes from (w +rK)π under K = 1). The amount of capital than needs to be financed is
(1 − θ) (again under the efficient capital level K = 1). So condition (17) says that entrepreneur’s
income is not sufficient to replenish all the optimal depreciated capital. This condition will
likely be satisfied, for given αβ either when there are few entrepreneurs (low π) or when the
The entire system can be solved as a function of q and r since q e is a function of q, K is a function of r and
w is a function of K.
10
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fraction of claims that can be issued is low (low θ). The limit case when condition (17) is
satisfied with equality gives rise to an aggregate efficient economy. When Aπ > (1 − θ) then
non of the derivations above apply, and the economy could be replaced in the aggregate with a
representative agent, where all welfare theorems apply.
Average quantities in the above characterization of equilibrium are employed, in particular
R
ndΨ(n) needs to be well defined. This is not trivial as we know that the support is countable

infinite. Next, it is shown that the support of the distribution is unbounded above, yet average
quantities exist.
Proposition 2. B is unbounded above and:
Z

ndΨ(n) < +∞
n∈B

Proof. See the Appendix.

4

Efficiency

In this section I derive efficient outcomes. Efficiency is the result of non-binding constraints.
In particular I will derive allocations from a decentralized economy where the constraints parameters θ and π are large enough such that q = K = 1. In order to derive those allocations
I perform the following comparative statics exercise: departing from a constrained initial equilibrium where q > 1 and K < 1, suppose we relax both parameters θ and π until in the limit
equation (17) is satisfied with equality:

π = αβ(1 − θ)
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In this case entrepreneur’s feasibility set is exactly the same as that of lenders. I continue to
assume that investors undertake investment with zero consumption. Note that in this case:

ni+1 =

1−α 1
+ ni ,
αβ
β

i = 1, 2, 3, ...

So the distribution is still unbounded in its support. The state of the system is discrete and
follows:
"
 i−1
 i−1 #
1
1
1−α
ni = ζ
1−
,
+
β
α(1 − β)
β

i = 1, 2, 3, ...

Agents are still distributed according to Ψ, and the value functions for both are equal:

v O (n, 0) = v O (n, 1) =

1
1−α
+ n
αβ(1 − β) β

From an ex-ante, perspective, aggregate welfare can be computed as:

V

5

O

=π

Z

O

v (n, 1)dΨ(n) + (1 − π)

Z

v O (n, 0)dΨ(n) =

1 − αβ
αβ(1 − β)

Introducing Money

Money is introduced in this section. I investigate if V O can be achieved by introducing money
in this economy or by some sort of monetary policy. To solve the model I again use a guessand-verify method in several dimensions. First assume that q > 1 and then find conditions such
that it is true. I also conjecture that the value functions are linear in the states n and m.

v(n, m; z) = Az (q, r, µ) + Bz (q, r, µ)n + Cz (q, r, µ)m,
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z = {1, 0}

where Az , Bz and Cz are coefficients to be determined that depend on the relevant prices of the
economy. If these value functions exist, we can write the Bellman equation for the investor as:


v(n, m; 1) = max
c + β Ā(q, r, µ′) + β B̄(q, r, µ′ )n′ + β C̄(q, r, µ′)m′
′
′
c,n ,m

subject to:

c + q e n′ + µm′ ≤ w + µ(τ + m) + rn,

c ≥ 0,

n′ ≥ 0,

m′ ≥ 0

And the value function for the worker as:


′
′
′
′
′
v(n, m; 0) = max
c
+
β
Ā(q,
r,
µ
)
+
β
B̄(q,
r,
µ
)n
+
β
C̄(q,
r,
µ
)m
′
′
c,n ,m

subject to:
c + qn′ + µm′ ≤ w + µ(τ + m) + rn,

c ≥ 0,

n′ ≥ 0,

m′ ≥ 0

where: Ā(q, r) = πA1 (q, r, µ) + (1 − π)A0 (q, r, µ), B̄(q, r, µ) = πB1 (q, r, µ) + (1 − π)B0 (q, r, µ)
and C̄(q, r, µ) = πC1 (q, r, µ) + (1 − π)C0 (q, r, µ).
In this environment, what matter is returns of the different assets. Note that an equilibrium for
the equity market can only arise under q = β B̄(q, r, µ′), so in principle five different possibilities
may arise: i)
1
β

=

B̄(q,r,µ′ )

B̄(q,r,µ′ )
qe

q

<

<

C̄(q,r,µ′ )
µ
C̄(q,r,µ′ )

C̄(q,r,µ′ )
µ

µ

<
<

1
β

=

B̄(q,r,µ′ )
q

B̄(q,r,µ′ )
qe

, iv)

<
1
β

=

B̄(q,r,µ′ )
,
qe
B̄(q,r,µ′ )
q

ii)
<

C̄(q,r,µ′ )
µ
B̄(q,r,µ′ )
qe

=
=

1
β

=

C̄(q,r,µ′ )
µ

B̄(q,r,µ′ )
q

and v)

<
1
β

B̄(q,r,µ′ )
,
qe

=

B̄(q,r,µ′ )
q

iii)
<

.

Case i) cannot be ruled out as money in this model is not forced to fulfill a specific function.
Case ii) is also possible, in this case investors will sell their money holdings as money for them
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is dominated in return. Workers are indifferent between holding money and equity as a means
of savings. Cases iii) to v) can all be ruled out since money would either dominate the return
of equity for workers, investors or both and then would not be a market for equity and no
investment would be undertaken.
I start by assuming that condition ii) is satisfied and then find condition such it holds true.
As in the previous section of the case without money, taking advantage of corner solutions for
entrepreneurs and indifference for lenders, I find the following value functions:

w + µτ
q
q
q
+ e rn + e µm
v(n, m; 1) =
[1 − β(1 − π)] e + β(1 − π)
q
1−β
q
q


w + µτ
q
+ rn + µm
v(n, m; 0) =
βπ e + 1 − βπ
q
1−β


(18a)
(18b)

Since q/q e > 1 under q > 1, it is easy to show that v(n, m; 1) "lies above" v(n, m; 0) in the space
(n, m). Again this shows the advantage the investors enjoy.
Equilibrium
The aim is to show the existence of Ψ(n, m) exist, as in the case without money. First I need
the following assumption:
Assumption 2. Existence of "Meeting Points"

g(n, m; 0) = ζ n > 0,

h(n, m; 0) = ζ m > 0

(19)

So I constrain lenders to purchase each ζ m units of money. Under this assumptions, the policy
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functions for individuals are defined as:

c(n, m; 0) = w + µ(τ + m) + rn − qζ n − µζ m, g(n, m; 0) = ζ n ,
c(n, m; 1) = 0, g(n, m; 1) =

h(n, m; 0) = ζ m

(20a)

w + µ(τ + m) + rn
, k ′ (n, m) = (1 − θ)g(n, m; 1)
qe

(20b)

With the policy functions defined is possible to show the existence of the distribution of agents
by assets Ψ(n, m), and characterize the state space of the economy. The following proposition
is stated without a proof since it is similar to the case analyzed before where there is no money.
Proposition 3. Existence of Ψ(n, m). Under assumption 2, a stationary distribution of agents


2
∞
by assets exists defined on the discrete support {ni }i=1 , {mj }j=1 :

Ψ(ni , mj ) =







where m1 = 0, m2 = ζ m and:
ni = ζ n



r
qe

i−1








0

i = 1; j = 1
(21)

π(1 − π i ) i = 2, 3, ...; j = 1
1 − πi

i = 1, 2, 3, ...; j = 2

"
 i−1 #
r
w + µ(τ + ζ m )
1−
,
+
e
q −r
qe

i = 1, 2, 3, ...

(22)

The associated density is:

dΨ(ni , mj ) =

Note that

R R
n

m

dΨ(n, m) =



















P∞ P2
i=1

0

i = 1; j = 1

(1 − π)π j−1 i = 2, 3, ...; j = 1
(1 − π)
0

(23)

i = 1; j = 2
i = 2, 3, ...; j = 2

j=1 dΨ(ni , mj )
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= 1, as required. Finally, it is also straight-

forward to find the marginal densities:

dΨ(ni ) =

Z

dΨ(n, m) = (1 − π)π i−1 , i = 1, 2, 3, ...; dΨ(mj ) =

m

Z

dΨ(n, m) =
n





π

j=1


 1−π j =2

(24)

Later I will show that

R

ndΨ(n) is well defined, it is obvious that

argument similar than before it can be found: ζ n =

θK
1−π

R

mdΨ(m) is. With an

which may not be the same as under

the case with absence of money, since K might be different. To find ζ m is enough to focus on
the market clearing on money, from (8g): ζ m =

M
.
1−π

I will discuss more about money holdings

and the workings of the model once I discuss aggregation and equilibrium in the next section.

5.1

Aggregation and Equilibrium with Money

Aggregating the policy functions for entrepreneurs again defines the source of financing of the
fraction of capital that cannot be mortgaged:

(1 − qθ)K = [w + µ(τ + M) + rK] π ,
{z
}
|
| {z }
down payment entrepreneur’s own funds
Hence if money is valued, entrepreneurs have more funds for down payment of capital.
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(25a)

From condition ii) above, the other relevant equations that characterize equilibrium are11 :
r
r
π e + (1 − π)
q
q
|
{z
}
expected return on equity lenders

 ′
1
q
µ
,
=
π e + (1 − π)
β
q
µ
{z
}
|
expected return on money lenders
1
=
β

(25b)

µ′
1
=
µ
γ

(25c)

In (25c) I have used the fact that in a stationary economy with constant real balances, the
inflation rate equals the rate of money creation: γ = µ/µ′ . This of course requires money to be
valued. Under this equilibrium lenders are indifferent between money and equity as a means of
savings, assumption (2) helping to pin down their choices.
The other equilibrium conditions are:

r = AαK α−1 ,

w = A(1 − α)K 1−α

(25d)

System (26) can be easily solved, the equilibrium values for q and r are given by12 :

∗

q =

π+
π+

γ−β
β
,
γ−β
θ
β

∗

r =

π+
π+

γ−β
β

γ−β
θ
β



(26a)
γ

Note that γ can be no lower than β for in this case equation (25c) can never be satisfied13 . It
was conjectured that q > 1 in the equilibrium, as (26a) show q ∗ > 1 if θ < 1 which is true by
11
Entrepreneurs will have an expected return on equity higher than the rate of time preference: β1 <
i
h
π qre + (1 − π) qr qqe .
12
The ∗ is used to distinguish the equilibrium values of q and r from those under the case without money in
equations (16). Also, as in that case, the rest of equilibrium values can be derived from (26): from r∗ the stock
of capital K, and then the wage rate w and then all remaining values.
13
The least value that the term in brackets can take is 1, which occurs when q = 1, so if γ < β, return on
money is so attractive that there is no demand for equity, which cannot be an equilibrium.
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assumption. So we are left to check if money is indeed valued in this economy as it was also
assumed so far. This comes by examining the determination of the other real quantity in the
system, real balances µM, which is defined by (25a). Real balances are simple to obtain though
not particulary illuminating as of the workings of the model. What is more relevant, is that
using that equation is possible to find conditions on the parameters such that µ > 0. In this case
money would be essential. This comes in the following claim, which focuses on the case γ = 1
so we can properly determine if money is valued before analyzing any meaningful modification
in the monetary base the authority may undertake. The proof is omitted as it comes directly
from (25a) above:
Claim 2. With a given stock of money γ = 1, money is valued as long as:

π+

1−β
< α(1 − θ)
β

(27)

What is interesting about claim 2 is that it defines different regimes that the economy may
attain. It turns out that if the economy is only "mildly" constrained, in terms of the parameters
θ and π money may not be valued even if the equilibrium is suboptimal. Figure 1 clarifies this
result.
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π
1
a
b

q=1
µ=0
I

q>1
q∗ > 1
µ>0
III

µ=0
c

II

1

θ

Figure 1: Regions of Efficiency: With a given stock of money γ = 1, when the economy is relatively
unconstrained, high enough values of θ and π, the economy attains a first best equilibrium, no role for
money. When the economy is constrained, money might be valued. a = αβ, b = αβ−(1−β)
, and c = αβ−(1−β)
β
αβ

In region I money is not valued and the aggregate economy attains first best, note that this
does not require that frictions are completely absent. Region II portrays combinations of θ and
π such that even tough the economy is suboptimal, money is not valued. Finally, region III
portrays combinations of both parameters such that the economy is suboptimal and money is
valued, in which case money becomes essential.
In region I, money is valued and the economy is suboptimal, although equilibrium in that region
is less detrimental than under the absence of money. In this region there is a coexistence of
credit or equity and money, this models then resembles some features of models developed in the
"monetary search" constructs, like those of ?, Mills [2007] or Telyukova and Wright [2008]. While
equity is being transacted in this region, it does so with impediments, because entrepreneurs
are financially constrained, it is then that money becomes essential, is valued and helps relaxing
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the entrepreneur’s constraint in (25a) to finance investment.
In region II, the economy is financially constrained, yet money is not valued. To understand this
result note that money does not pay on itself any return as opposed to equity. If the constraint
parameters θ and π are not stringent enough such that q/q e is not high enough, then the right
hand side of equation (25c) would be lower than 1/β, lenders will not be willing to hold money
and money is not valued. A more constrained economy will present a higher "wedge" between
the effective price for entrepreneurs q e and the price for lenders q.
As mentioned before, average quantities of the form

R

mdΨ(m) and

R

ndΨ(n) were used through-

out. While the former is guaranteed to hold, the later is not obvious, the following proposition
establishes that while the support on equity is not bounded above, average equity is well defined
in the monetary economy.
Proposition 4. B is not bounded above in the dimension of equity and :
Z

ndΨ(n) < +∞

(28)

Proof. See the Appendix.

As an illustration, the figure 2 shows the density of agents by assets for specific values of
the parameters. The mass in red in the figure corresponds to 1 − π individuals who hold
(ζ n > 0, ζ m > 0) assets. The bars in blue show how the rest of agents are distributed, these
correspond to individuals holding zero money and increasing (towards infinity) levels of equity.
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Figure 2: Ψ(n, m): The graphic shows a portion of the density of agents by assets. The values used are:
π=0.3, α=0.36, β=0.95, θ=0.01 and γ=1. The resulting value for ζ n is 0.021, which is indistinguishable
from zero in the figure.

The workings of the Model
Two financial transactions are conducted each moment of time, with a perpetual changing of
status among individuals, these involves trades of equity for goods and trades of money for
goods. In the stationary economy the distribution of agents by assets is unchanged. 1 − π
individuals is the density in the state (n1 , m2 ) = ζ n , ζ m, and in states (ni , m1 )∞
i=2 there are
(1 − π)π i−1 individuals, this is expressed in (23). In each of these points the mass of agents
is divided between π entrepreneurs and 1 − π lenders. So for example, assume that there is a
single stock of money in the economy, γ = 1 and money is valued. How does money circulate
in the economy? At the beginning of each period individuals find their status. Investors in
(ni , m1 )∞
i=2 hold no money but they accumulate more assets, a mass π in point (ni , m1 ) move
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to (ni+1 , m1 ) for i ≥ 2. A mass of 1 − π from each of those points switch to (n1 , m2 ) and from
this last point a mass π moves to (n2 , m1 ). Is this last group of people who sell their money
holdings, so the aggregate money holdings that entrepreneurs sell is πζ m(1 − π), since initially
the lenders who remain lenders are (1 − π) in that point, the total amount of money in lender’s
hands is (1 − π)ζ m (1 − π) the amount they remain to hold, plus πζ m (1 − π) the amount they
accept from entrepreneurs, the sum of both is ζ m (1 − π) which equals M , the stock of money,
which is preserved.
Every period there is a fraction of the stock of money that remains "idle" in the sense that is not
transacted. It is those lenders who are waiting to become entrepreneurs, in which state money
will in fact serve as a good "start up" capital because in state (n1 , m2 ) equity holdings are the
lowest. I in this sense demand of money is precautionary in this model, and hence risk aversion
is not needed for such a demand to arise.

6

Non-neutrality and the optimality of the Friedman Rule

Imagine that the economy is initially in a state where there is a stock of money without increments or decrements in the stock and money is valued. I want to assess the effects of different
degrees of money creation. Analyzing the transition is out of the scope of this paper. I simply assume that once γ is set to a different value than one, the economy is settled again in a stationary
situation. In this fashion I analyze what are the effects of money injections or subtractions. By
assumption when money is injected in the economy is in a lump sum fashion and proportionally
to all agents in the economy, also if money is taxed away, is done in a proportional way to all
agents in the economy. The assumption is that the monetary authority is unwilling or unable
to identify each agent in their status and conduct targeted monetary injections or subtractions.
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In this model money is endogenously valued, it is valued when the economy is sufficiently
constrained such that credit does not function fully its role to transfer resources from lenders to
those that have investment opportunities. When money is valued and the monetary authority
injects or retires money from the economy what are the effects on welfare? To answer this
question I compute the ex-ante expected value functions as a functions of parameters and the
rate of growth of money.
Let V be the ex-ante value function without money, and V ∗ the ex-ante value function with
money, closed form solutions are shown in the Appendix in the proof of proposition 5:

V =π

∗

V =π

Z

Z

v(n; 1)dΨ(n) + (1 − π)

Z

v(n; 0)dΨ(n)

(29a)

Z

v(n, m; 0)dΨ(n, m)

(29b)

v(n, m; 1)dΨ(n, m) + (1 − π)

Where the individual value functions are defined in equations (11) and (18) respectively. The
next proposition characterizes the different equilibria and their welfare properties as a function
of γ.
Proposition 5. Assume that the economy is sufficiently constrained such that (27) holds, then:

• Optimality of the Friedman rule: If γ = β then q ∗ = 1 and V ∗ = V O
• Money is welfare enhancing: If γ = 1 then 1 < q ∗ < q and V O > V ∗ > V
• Inflation is detrimental: There exists γ̄ bigger than one, such that for all γ > γ̄, V O >
V ∗ = V and 1 < q ∗ = q
• Money may cease to be valued : For all γ > γ̄, µ = 0.

Proof. See the Appendix.
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Figure 3, illustrates the characterization of proposition 5.
Welfare
VO

V∗
V

β

γ̄

1

γ

Figure 3: Ex-ante welfare as a function of γ: γ = β attains optimality, as γ increases welfare decreases until
γ = γ̄, where inflation is so high that money ceases to be valued.

Intuition about the result
Why the Friedman rule is optimal in this setup? To make sense of this result first it must
be the case that money is valued, condition (27) must hold. The mental exercise was that
departing from this situation, the monetary authority changes the rate of growth of money to
a certain level γ 6= 1. I do not analyze the transition but the allocations and welfare in the
new asymptotic steady state. Suppose more money is introduced into the economy. In view
of entrepreneur’s funds to finance investment (25a), one may expect that this is beneficial for
capital. It turns out that the resulting real money holdings decline which is detrimental. In
this flexible price economy, prices increase proportionally to the aggregate stock of money, but
not to the individual’s stock of money, only π of the new units of money created end up in
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entrepreneur’s hands, while the price level increase fully with the aggregate stock of money. In
fact, inflation can be so detrimental that money ceases to be valued if it is high enough (this
corresponds to the values grater or equal than γ̄ in figure 3).
When there is deflation, that is the monetary authority taxes away money each period, then
welfare improves. In this case the return of money increases via µ′ /µ = 1/γ. Then even though
entrepreneurs have less money, the remaining money units are more valued, this relaxes their
financial constraint in (25a). Lenders who are providing resources to entrepreneurs are willing to
purchase these money units at a higher price. They are willing to do so because there is a chance
that next period they become entrepreneurs and then their remaining money holdings will be
more valued when they sell them to the then lenders. If money decreases below β then money
is in fact too profitable that there is no demand for equity which cannot be an equilibrium.

7

Conclusion

The model put forward the importance of money to achieve insurance in an environment where
imperfect information plagues private financial transactions which by themselves are incapable
of providing enough insurance. The model is necessarily abstract and it portrays the essentiality
of money to achieve better outcomes. I showed that implementation of the Friedman rule attains
optimality and provides to society with the exact level of welfare that an hypothetical efficient
insurance institution would deliver.
An economy where individuals hold or accumulate lots of money, would be interpreted under
the lens of the model, as an economy where informational problems disrupt efficient financial
transactions. Maybe, the observance of such periods where some agents hold large amounts of
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money, like corporate sector in the US economy post financial crises of 2008, is symptomatic of
special periods where financial markets are distressed due to an increase difficulty for private
institutions to elicit the correct information from market participants.
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Appendix

Proposition 1. Existence of Ψ(n). Under assumption 1 a stationary distribution of agents
by equity exists defined on the discrete support {nj }∞
j=1 :
Ψ ≡ Ψ (nj ) = 1 − π j ,

where:
nj = ζ



r
qe

j−1

+

qe

"

w
1−
−r

j = 1, 2, 3, ...



r
qe

j−1 #

,

(30)

j = 1, 2, 3, ...

The proof of proposition 1 consists of several steps. First I show that the support of the
stationary distribution is countable infinite.
Claim 3. Ψ(n) has a discrete, countable infinite support.

Proof. I construct the proof under the following argument: Assume, that under fixed prices
individuals are "initialized" arbitrarily along [0, +∞) in B, given assumption 1 eventually each
individual would attain ζ, and will stay there as long as being a lender. If he switches to an
entrepreneur, then policy for equity in (13b) applies. It follows that agents will hold equity only
on the states defined by the following recursion:

ni+1 =

w + rni
,
qe

with initial condition n1 = ζ. This difference equation has a unique solution:

ni = ζ



r
qe

i−1

"
 i−1 #
r
w
1−
,
+ e
q −r
qe
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j = 1, 2, 3, ...

(31)

Claim 4. The law of motion for the distribution of agents by equity follows:

(32)

Ψ (ni+1 ) = πΨ (ni ) + 1 − π

where
nj+1 = ζ



r
qe

j

"
 j #
r
w
1−
+ e
q −r
qe

Proof. By (8f), stationarity of the measure of agents requires:

′

Ψ(n ) = π

Z

dΨ(n) + (1 − π)
n:n≥ζ,g(n,1)≤n′

Z

dΨ(n) = πΨ

n:n≥ζ,g(n,0)≤n′



q e n′ − w
r



+ (1 − π)

Substituting the policy functions above, using (31):


q e nj+1 − w
Ψ (nj+1 ) = πΨ
r



+ (1 − π) = πΨ (nj ) + (1 − π)

This is a first order difference equation with boundary initial condition: Ψ(n1 ) = 1 − π, the
solution for this equation is given by (30).

Proposition 2. B is unbounded above and:
Z

ndΨ(n) < +∞
n∈B

Proof. First I show that the support of Ψ(n) is unbounded above. By (31), this would be the
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case when r/q e > 1. Directly from (16) it is possible to find:
α(1 − θ)
r
=
e
q
π

(33)

Then I need to show that π < α(1 − θ) is implied by condition (17), but this immediate since:
π < αβ(1 − θ) < α(1 − θ) since 0 < β < 1.
Note that
Z

ζ

∞

R

ndΨ(n) equals:

(  
"
 j−1#)
j−1
r
r
w
nj Ψj =
ζ
ndΨ(n) =
1−
(1 − π)π j−1
+ e
e
e
q
q
−
r
q
j=1
j=1
∞
X

∞
X

The infinite summations in this expression will converge if and only if

rπ
qe

< 1. But from (33)

directly this condition is satisfied as α(1 − θ) < 1.

Proposition 4. B is not bounded above in the dimension of equity and :
Z

(34)

ndΨ(n) < +∞

Proof. To show that the support is in fact unbounded above along equity, it suffices to show
that r/q e > 1. But closed form solutions are readily available and I find that this inequality
holds as long as: γ − β + βγ(1 − π) > 0. Since γ is restricted to be no less than β, the result
R
follows. Now, note that dΨ(n) is:
Z

∞

ndΨ(n) =
ζn

∞
X
j=1

ni Ψi =

∞
X
i=1

(

ζn



r
qe

i−1

"
 i−1 #)
r
w + µ(τ + ζ m)
1
−
(1 − π)π i−1 (35)
+
e
e
q −r
q

Clearly the infinite summations will converge if and only if
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rπ
qe

< 1. Using directly the closed

form solutions for prices, this requires:
γ − β(1 − π)
rπ
=
<1
e
q
γβ

(36a)

To show this result is necessary to find conditions such as real money balances and hence µ > 0
with γ 6= 1. Taking again equation (25a), the condition is:

π+

γ−β
< αγ(1 − θ)
β

(36b)

So I need to show that (36a) is implied by (38), and this follows because:

π+

γ −β
< αγ(1 − θ) < γ
β

Proposition 5.
Assume that the economy is sufficiently constrained such that (27) holds, then:

• Optimality of the Friedman rule: If γ = β then q ∗ = 1 and V ∗ = V O
• Money is welfare enhancing: If γ = 1 then 1 < q ∗ < q and V O > V ∗ > V
• Inflation is detrimental: There exists γ̄ bigger than one, such that for all γ > γ̄, V O >
V ∗ = V and 1 < q ∗ = q
• Money may cease to be valued: For all γ > γ̄, µ = 0.

Proof. After replacing the equilibrium values of prices in the value functions, I obtain the fol38

lowing closed form solutions for welfare:

V

V∗



1
+θ )+θ
π ( αβ

1
 1−α

(1 − αβ)(1 − π) αβ 1 −1+θ
( αβ
)

i
h 
=
1
−1 +θ
αβ(1 − β) π αβ
1

  π+ γ−β θ γ  1−α
(
)
γ−β
β
(1 − αβ) π + β
β
(π+ γ−β
β )


=
θ
αβ(1 − β) π + γ−β
β

(37a)

(37b)

Optimality of the Friedman rule. The result immediately follows after replacing γ = β in
both the price of equity q in (26) and (37b) above, for welfare I get: V ∗ =

1−αβ
αβ(1−β)

= V O.

Money is welfare enhancing. With the closed form solutions for the price of equity, after a
bit of algebra I obtain:

q − q ∗ = V ∗ − V = α(1 − θ) − π −

1−β
>0
β

where the inequality at the end follows by condition (27).
Inflation is detrimental. γ̄ is defined as the value of γ such that q = q ∗ , after some algebra I
obtain:
γ̄ =

(1 − π)β
>1
1 − αβ + αβθ

The last inequality follows again because (27) is assumed to be satisfied.
Money may cease to be valued. I have found the value γ̄ such that q = q ∗ above. To show
that this value would also make money valueless, condition (27) above is modified to allow for
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money to take the value µ = 0. Money is not valued (µ = 0) when

π+

γ−β
= αγ(1 − θ)
β

(38)

After replacing γ̄ this equation is satisfied. Mechanically for those values γ > γ̄, the real
balances will be negative which cannot be an equilibrium. Hence with excessive inflation, individuals ceases to use money as means of savings and resort exclusively to equity which is welfare
detrimental.
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